Abstract. In this paper, we define slant helices in three dimensional Lie Groups with a bi-invariant metric and obtain a characterization of slant helices. Moreover, we give some relations between slant helices and their involutes, spherical images.
Recently, Izumiya and Takeuchi, in [7] , have introduced the concept of slant helix in Euclidean 3-space. A slant helix in Euclidean space E 3 was defined by the property that its principal normal vector field makes a constant angle with a fixed direction. Moreover, Izumiya and Takeuchi is a constant function. In [8] ; Kula and Yayli have studied spherical images of a slant helix and showed that the spherical images of a slant helix are spherical helices. In [9] , the authors characterize slant helices by certain differential equations verified for each one of spherical indicatrix in Euclidean 3-space. Ali and Lopez, in [10] , have studied slant helix in Minkowski 3-space. They showed that the spherical indicatrix of a slant helix are helices in E 3 1 . Then Ali and Turgut studied position vector of a time-like slant helix with respect to standard frame of Minkowski space E 3 1 in terms of Frenet equations (see [11] for details). Also slant helices are used in some applications in quaternion algebra (see [12, 13] for details).
In this paper, first of all, we define slant helices in a three dimensional Lie group G with a bi-invariant metric as a curve α : I ⊂ R →G whose normal vector field makes a constant angle with a left invariant vector field (Definition 3.1). And then the main result to this paper is given as (Theorem 3.6): A curve α : I ⊂ R →G with the Frenet apparatus {T, N, B, κ, τ } is a slant helix if and only if κ(H 2 + 1)
H is a constant function where H is a harmonic curvature function of the curve α (Definition 3.2).
Then we define the involutes and spherical image of a curve in three dimensional Lie group G. Also we show that the spherical image of a slant helix and the involutes of a slant helix are general helices. Finally, we give characterization of a slant helix if G are Abellian, SO 3 and S 3 . Note that three dimensional Lie groups admitting bi-invariant metrics are SO (3) , SU 2 and Abellian Lie groups. So we believe that characterizations of slant curves in this study will be useful for curves theory in Lie groups.
Preliminaries
Let G be a Lie group with a bi-invariant metric , and D be the Levi-Civita connection of Lie group G. If g denotes the Lie algebra of G then we know that g is issomorphic to T e G where e is neutral element of G. If , is a bi-invariant metric on G then we have
and
for all X, Y and Z ∈ g. Let α : I ⊂ R →G be an arc-lenghted curve and {X 1 , X 2, ..., X n } be an orthonormal basis of g. In this case, we write that any two vector fields W and Z along the curve α as W = n i=1 w i X i and Z = n i=1 z i X i where w i : I → R and z i : I → R are smooth functions. Also the Lie bracket of two vector fields W and Z is given
and the covariant derivative of W along the curve α with the notation D α W is given as follows
where T = α ′ and
left-invariant vector field to the curve α then · W = 0 (see [14] for details). Let G be a three dimensional Lie group and (T, N, B, κ, τ ) denote the Frenet apparatus of the curve α, and calculate κ = · T .
Definition 2.1. Let α : I ⊂ R →G be a parametrized curve. Then α is called a general helix if it makes a constant angle with a left-invariant vector field X. That is, T (s), X = cos θ for all s ∈ I, for the left-invariant vector field X ∈ g is unit length and θ is a constant angle between X and T which is the tangent vector field of the curve α (see [6] ). Definition 2.2. Let α : I ⊂ R →G be a parametrized curve with the Frenet apparatus (T, N, B, κ, τ ) then
(see [6] ). 
where c is a constant (see [6] ).
Slant helices in a three dimensional Lie group
In this section we define slant helix and its axis in a three dimensional Lie group G with a bi-invariant metric , . Also we give a characterization and some characterizations of the slant helices in the special cases of G. is a constant angle between X and N which is the principal normal vector field of the curve α. 
H where H is harmonic curvature function of the curve α. 
Proof. Let α : I ⊂ R →G be an arc length parametrized curve with the Frenet apparatus {T, N, B}. Since [T, N] ∈ Sp {T, N, B} , we can write
If we multiply the two sides of the Eq. (3.1) with T, N and B, respectively
Thus we can write On the other hand, using a similar method we can easily show that
Which complete the proof. Proposition 3.5. Let α : I ⊂ R →G be a parametrized curve with arc length parameter s and {T, N, B} denote the Frenet frame of the curve α. If the curve α is a slant helix in G, then the axis of α is
is a constant angle.
Proof. If the axis of slant helix α is X, then we can write
where λ 1 = T, X , λ 2 = N, X and λ 3 = B, X .
And we know from the Definition 3.1 that
where the left-invariant vector field X ∈ g is unit length and θ is a constant angle between X and N which is the principal normal vector field of the curve α. By differentiating N(s), X = cos θ, we get
or using the Eq. (2.3) and the Frenet formulas
and with the help of the Proposition 3.4, we get
where H = τ − τ G κ is harmonic curvature function of the curve α.
Again differentiating the Eq. (3.3), we have
then by using the Eq. (2.3) and the Proposition 3.4 we obtain
Then if we write the Eq. (3.4) in the Eq. (3.3), we get
Consequently, using the equations (3.2), (3.4) and (3.5) the axis of slant helix α is given by
which completes the proof.
Theorem 3.6. Let α : I ⊂ R →G be a unit speed curve with the Frenet apparatus (T, N, B, κ, τ ). Then α is a slant helix if and only if
is a constant where H is a harmonic curvature function of the curve α and θ = π 2 is a constant.
Proof. If the axis of slant helix α is X, then using the Proposition 3.5 we have
Since X is unit lenght vector field then we can easily see that
is constant then the result is obvious. This complete the proof.
In the following remark, we note that three dimensional Lie groups admitting bi-invariant metrics are S 3 , SO 3 and Abelian Lie groups using the same notation as in [6] and [15] as follows:
Remark 3.7. Let G be a Lie group with a bi-invariant metric , . Then the following equalities can be given in different Lie groups. [6] and [15] ). 
Proof. If G is Abellian Lie group then using the above Remark and the Theorem 3.6 we have the result.
So, the above Corollary shows that the study is a generalization of slant helices defined by Izimuya [7] in Euclidean 3-space. Moreover, with a similar proof, we have the following two corollaries. 
is a constant function.
Corollary 3.10. Let α be unit speed curve with the Frenet apparatus {T, N, B} in the Lie group SO 3 . Then α is a slant helix if and only if
κ is a constant function.
Spherical Images of Slant Helices in the three dimensional Lie group
In Euclidean geometry, the spherical indicatrix of a space curve is defined as follows: Let α be a unit speed regular curve in Euclidean 3-space with Frenet vectors t , n and b. The unit tangent vectors along the curve α generate a curve α T on the sphere of radius 1 about the origin. The curve α T is called the spherical indicatrix of t or more commonly, α T is called tangent indicatrix of the curve α. If α = α(s) is a natural representation of α, then α T = T (s) will be a representation of α T . Similarly one considers the principal normal indicatrix α N = N(s) and binormal indicatrix α B = B(s). It is clear that, this definition is related with the spherical curve [2] .
In this section, firstly we define spherical indicatrices of slant helices with the help of the studies [16, 17] and then investigate the relation between slant helices and their spherical indicatrices in 3-dimensional Lie group. Morever, we give some theorems with their proofs and some examples in special Lie groups.
Tangent indicatrices of slant helices:
Definition 4.1. Let α : I ⊂ R →G be an arc-lenghted regular curve. Its tangent indicatrix is the parametrized curve β :
where {X 1 , X 2 , X 3 } is an orthonormal basis of g and s * is the arc length parameter of β.
Theorem 4.2. Let α be an arc-lenghted regular curve and β be the tangent indicatrix of the curve α. Then the curve α is a slant helix in three dimensional Lie group G if and only if the curve β is a general helix on S 2 .
Proof. We assume that the curve α is a slant helix in a three dimensional Lie group and α T is the tangent indicatrix of the curve α. From the Definition 4.1 we get β (s * ) = T (s) then differentiating the last equation and using the Eq. (2.3), we have
Then assuming that κ 0 we obtain
If we differentiate the last equation and use Frenet formulas then we obtain
or with the help of the Proposition 3.4, we get
where κ β is the curvature of β. Hence
Then using the Eq.(4.2) and the Eq.(4.3) we have
Using the differentiation of the last equation and the Proposition 3.4, this implies
3/2 B or using the Eq.(4.1), we have
where
where τ β is the torsion of β. The we can easily see that
3/2 is a constant function. In other words, using the Theorem 2.3 we can easily obtain that β is a general helix.
Conversely, we assume that β is a general helix then we can easily see that α is a slant helix. These complete the proof. 
where {X 1 , X 2 , X 3 } is an orthonormal basis of g and s * is the arc length parameter of γ. Proof. We assume that the curve α is a slant helix in a three dimensional Lie group and γ is the normal indicatrix of the curve α. From the Definition 4.4 we get
Then differentiating the Eq. (4.5) and using the Eq. (2.3) we have
If we differentiate the last equation, then we obtain
and by using the Eq. (4.6) with together Proposition 3.4 we obtain
Since α is a slant helix, σ N (s) is a constant function. So, we can obtain
where κ γ is the curvature of γ . Then differentiating the Eq. (4.7) and using the Definition 3.3 we have
then by using the Proposition 3.4, we obtain
Thus we compute
where τ γ is the torsion of γ. Hence γ is a plane curve. This complete the proof.
Binormal indicatrices of slant helices:
Definition 4.6. Let α : I ⊂ R →G be an arc-lenghted regular curve. Its binormal indicatrix is the parametrized curve δ : I ⊂ R →S 2 ⊂ g defined by as
where {X 1 , X 2 , X 3 } is an orthonormal basis of g and s * is the arc length parameter of δ.
Theorem 4.7. Let α be an arc-lenghted regular curve and γ be the binormal indicatrix of the curve α. Then the curve α is a slant helix in three dimensional Lie group G if and only if the curve δ is a general helix on S 2 .
Proof. We assume that α be a slant helix in a three dimensional Lie group and α B be the tangent indicatrix of the curve α. From the Definition 4.6 we get
then differentiating the Eq.(4.9) and using the Eq.(2.3), we have
Then assuming that ε = 1 , if κH 0 −1 , if κH 0 we have
If we differentiate the last equation then we obtain
where κ δ is the curvature of δ. Hence
and assuming that κ 0 we have
Then using the Eq.(4.10) and the Eq.(4.11) we have
(4.12)
3/2 B or using the equality ds * ds = εκH, we have
where τ δ is the torsion of δ and so
is a constant function, that is δ is a general helix. Conversely, we assume that δ is a general helix then we can see easily that α is a slant helix. These complete the proof. Proof. It is obvious using the equations (4.10), (4.11) and (4.12).
Involutes of slant helices:
Definition 4.9. Let α : I ⊂ R →G be an arc-lenghted regular curve. Then the curve x : I * ⊂ R →G is called the involute of the curve α if the tangent vector field of the curve α is perpendicular to the tangent vector field of the curve x. That is, T (s), T x (s * ) = 0 where T and T x are the tangent vector fields of the curves α and x, respectively. Moreover (x, α) is called the involute-evolute curve couple which are given by (I, α) and (I * , x) coordinate neighbourhoods, respectively. Then the distance between the curves x and α are given by
[2]. We should remark that the parameter s generally is not an arc-length parameter of x. So, we define the arc-length parameter of the curve x by
where ψ : I −→ I * is a smooth function and holds the following equality
for s ∈ I.
Theorem 4.10. Let α : I ⊂ R →G be an arc-lenghted regular curve and x be an involute of α. Then α is a slant helix in a three dimensional Lie group if and only if x is a general helix.
Proof. Let x be the involute of α, then we have
Let us derive both side with respect to s
where s and s * are arc-parameters of α and x, respectively. Then we calculate as
and using this fact we can write
or with the help of the Proposition 3.4, we get κ x N x (s * ) = −T + HB where κ x is the curvature of x. Hence
and N x (s * ) = − 3/2 is a constant function. In other words, using the Theorem 2.3 x is a general helix.
Conversely, we assume that x is a general helix then we can easily see that α is a slant helix. These complete the proof. Proof. It is obvious using the equations (4.14), (4.15) and (4.16).
